







































































Math2010 Week 9 Thm Let f REIR IR R is open
Application of chain rule let celR S f k and a c S

Level Set Au 4.4 Thomas 14.6 Suppose f is differentiable at a Pfc to

Recall Let firelR IR celR ThenOffal 15 at a

f c XEN fix c eg flag X y Ff 128,2g

eg Somelevelsets offury x4y Let 5 f 25 then 14 3 ES

f I x y Ffl 43 8,6

f 4 y _4
HHS

of14,3

is s












































































effcx.gs _x y eg S X 14g't922 22 Ellipsoid Tf

Tifa.gs ax 2g offingeatfation Ident
plane

Sol

let furyz x44y 1922 S f 122
Also f 31,11 22 so 3,1 1 ES

F o
pf 2x 8y 1821

F l Fff 3 1,12 16 8,18 15 at 3 1,1f I
6.8.18 is a normalvectorfor tangentplane

are directions of Ft Egnationottangentplane

Hey2 13,41 6.8.18 O

61 3 18 y l 1181211 0

3 144192 22










































































1hm Let f REIR IR R is open Ifla
let c C IR S f c and a E S

Suppose f is differentiable at a Pfc to
S f c

Then Tfl a IS at a

Pf let Ht be a curve on S rio a
Rmk

We applied chainrule to flirt above
Then Mt on S f c

f Ht c is a constant Similarly by considering the curve

Bychain rule att at tu Hui11 1

one can proveTfcrity Ht dd 0

Daf a D f attPut t O then Pflag r lo O dtt o

Fffa 1 any curve on S at a Ff No x'co

i Pflag IS at a Ff ta u












































































Anotherapplication ofchainrule Tofind d at E
Implicitdifferentiation fauna474.4 Method 1 daI Il x l

X t y I Method2 Implicitdifferentiation chainrule
Finddate at E 4y Regardx as avariable

y as afunctionofX
X'tg I Take adj 2x12gdaff O

Put ixyl E 1 2131 121 451dd o
x a x b

dyaxles I
I i

g
Rmk Near I I o y is not a functionof X

y i a functionof x nearby
tf as 1 a little bit thevertical line x a

Locally near E doesnotinteract with C

y l R yLo y fl X H b I a little bit thevertical line x b

y is afunction of near Eg intersectswith C at two differentpoints










































































eg Consider Similarly takeFyto
S t z't ye 1 2cosy O otzzffytexzt.ge'r4x y

Giventhat 2 canbe regarded as afunction tffjcosy zsiryozz.my of independentvariables XY locally put anyzj co 0,0 then
near 190,0 Find 3 Fy at OMO 0 0 1 tot Egli 0 0

Rink Noteasyto express 2 intermsof x y Eco.o I
ay

Sol Take to
Rink Fromcomputations above

3 4 zz Ext yet421 X 13 cosy_O
gq 3 4 yze

Z

Zz 1xyetttcosyPut anyz 10,010
ZZ
dy

2sing exz
Ot Ot Ot 3 117 0 3 10o O 2ZtxyeZtcosy

wheneverthe denominator is nonzero










































































Finding Extrema Maximum Minimum ftp.onacshpa.y es ut f 1,5 R

Defn let f AEIR IR a cA 7
i

f is said to haveglobal absolute maximum at a F fk
i i i

i i
if fix Efca for all EA i

z i i i i
f is saidto have local relativemaximum at a i i

I 2 3 4 5
if fix Efca for all CA near a

i e 7E 0 suchthat fix f a Global mat at 4

for all XE AnDeca Global min at 1
Local max at 2,4Similar definitions for global absoluteminimum Local min at 1 3,5

and local relativeminimum
MaxValue 7

Rink Global extremum maximin is also MinValue 2
a local extremum










































































Rmk NOTeveryfunctionhas HH X on C 1,1 Domain is notclosed

globalmaximin
1 q

f hasglobalmaxaf I

fix _Eon IR but no global min
I 1

l

I I

id I

f reasing
f c SIR fix f if o

n l X if XEL1,0
dim 11 1 0 dim fix ox 7 as x os

f hasneitherBut fix other i NoglobalMax
ooo globalmax or min

Noglobal min

It isnotcontinuous
Domain is not bounded










































































Q Whenmust a functionhave Q How to locatemaximin
globalmaximin es f A 0,43 IR

n i A is closed boundedExtremeValueTheorem IEVT i
f is continuous

let A EIR be closedandbounded µ0 I 2 4 f hasglobal
f A IR is continuous Max andmin

Then f hasglobal max andmm
Recall Onevariablecalculus

Rmk Extremacanonlyoccur at
Compact closedandbounded i f'tx o x 1,2

Thetheoremprovides a sufficient ii fix ONE 3
Criticalpoints

condition butnot necessarycondition iii XEDA x 0.4 Boundarypoints

for the existenceof global extrema comparingvaluesof f at these 5 points
f hasglobalmin at 3 globalmax at 4










































































Defn f A IR a c intCA Note a C intlA gilt is defined near t
Then a is called a criticalpointof f it either

Ffl a DIVE ie ita DIVEforsome i ftaAFfl a J ie ftp.ias 0 for all i

Thin 1Firstderivativetest Bydefinition gi.co ftpla exists
Suppose f AEIR IR attains a localextremum f haslocalextremum at a
at ac intCA then a is acriticalpointof f gi has local extremism at 0

Pf Suppose f hasa localextremum at a C intCA gtfo 0 since it exists

If Tfca DIVEthen a is a criticalpoint 3 Ca 0 forany i 1,2 n

If Pflag exists then all ftp la exist Pfc a 8
Forany i I in let a is a criticalpoint

gilt f latte










































































Strategyfor finding extrema Also f is polynomial f is continuous

let f A EIR IR ByEVT f hasglobalmaxandmin on A
Findcriticalpointsof fin int A Soe we follow the strategyabove
Study f on boundary 2A step1 critical points in int A
Findmaximin of f on OA Ff I 2 1 4g exists everywhere
Comparingvaluesof fat pointsfound Also pf o 2X 1 0
in and 4y o

es Findglobalmaximinof
C My K o

fKeys Et 2y x 13 for x4yk1
Note II O E intA KeysEIR x4yk1

Pmk Domain A ixy Epi yae
f hasonly one criticalpoint II o
in int A withis closedand bounded
f II O f t O ft 3 4










































































Step2 Study f on 2A Key Elk x4y2 l Step3 comparevaluesof f at points

Jarametrize 2A by fromstep 1 and 2

Xg cos0 sin0 GELO2T f II O Y min

f cosGsino cos0T25m20 coso 13 fl t.IE 4zs max

Co50t2ll co5fj cos0 3 f 11,0 3

coff coset 5 Maxvalue 214 at f I I 52
loose1351 4 15 Min value at E o4

IT Cosette maxooo

mat valueof f on 2A 2 occurswhen
neither

cost I ie IXg t.IE min Maxormin

min valueof f on 2A 3 occurs when Maxor

x cost I ie IXg l l O










































































eg 2 Findglobalmatandmin of step Study int IR HeyEIR Kiryat
fix y fifty Y Ex Showthat 10,0 DNE thro Kl

on R KYSER KKY For ix y 1 10,0 Pf exists and
Sol
R isthesquare 1,13 1 1,1 ER

Ff Fx I yEyIity4
l

n x
l O

1x4yTTf o.O
2434 1 0I I fifty

1 R 2K x o 2y 1 0 y E
R is closedandbounded

i f hastwo criticalpoints in intlA
Also f is continuous 10,0 and 0 I
By EVT f hasglobalmatandmm Ff DME Ff _8

To find them f10,01 0 f o z 4










































































Step 2 Study f on 213 Step3 Comparingvalues

f IXy fifty't y
a f10,0 O

2R ix y 1 1 1 1eye C c f10,31 4 min

f10 1 O
u x y Lytle Kiel b JR f Il 11 5211 max

Consider different parts of 012 Maxvalue I 11 at Il 1

g I I EXE 1 Minvalue I at 10 El4
f x 1 IX't I I OE f EE I iminon213

y I I EXE l Eooomin
I ooo I

fix 1 IX ti t I ZE f EE 11
R

Notthesharpestbound mate I max
1 1 1 legs 1 butgoodenoughfor us

to Wemayfindthesharpestboundfix y Hy4 y 0 1 te f EE 11
Byone variablecalculus easyto see

On212 f hasminvalue 0 at Oil 1Hy4 y is decreasing on E1 I
maxvalue Eti at Ith l min valueon 11112 1 12 I










































































Finding extrema on an unboundedregion Sol Find criticalpoints of f

Cf Findglobalextrema of Ff ft Eg 12 4 2g16 exists on IR
f Xy x't y 4 1by 17 on IR 2 4 0Of Loco

zy16 0Rink IR is notbounded So f maynot C x g C2 3
haveglobalextrema Observethat

7 fix y too Hence
Onlyone critical point 12 3 fly 3 g

Wewant to show f has min at L2 3
y are farawayfromorigin

For y e pi let r IX4yf has noglobalmaximum on R
Then fix y x y 4xtby 17

Strategyfor findingglobalminimum z r ar Gr 17
Find a closedandboundedregion Rst r r lo t 7
f is largeenough outside R Then

r yaz1 1 ly g XE r 4 2 4r
min on R min on 1122 yer by fr




















































Hence if y r 310 f 27
then f Ky 27 fl 2 3 outsideR

f27 on

Let R D do o the restrictionof f on R JR

ByEVT ftp has global min

In Intl R 12 3 is theonlycriticalpoint only1 oooh 3
criticalpt f Gf 2 3 6 min

On213 f Xy 27 f12 3

i HRhasglobal min at 12 3
Rmk

Easierto do this questionusing algebra
ForG y 4 A f XY 77 the 3

fix.gs x't y 4 1by 17
f has no globalmat andglobal Ix 25 t ly135 6

min value 6 at 12 3 Answer is clear



An example without global max or men

Let gcx.gs R y 4 x t by 17
When x O go.gl y'tby 17

yf.inglory as noglobal min

When y O g ix O X 4 7

Yes9140 A no global max


